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I derive a system of pulsation equations for compact stars made up of an arbitrary number of perfect
fluids that can be used to study radial oscillations and stability with respect to small perturbations. I
assume spherical symmetry and that the only inter-fluid interactions are gravitational. My derivation
is in line with Chandrasekhar’s original derivation for the pulsation equation of a single-fluid compact
star and keeps the contributions from the individual fluids manifest. I illustrate solutions to the
system of pulsations equations with one-, two-, and three-fluid examples.
I. INTRODUCTION
The perfect fluid model has been very successful
in modeling the matter content of compact stars [1].
This is particularly the case with fermionic matter,
because the perfect fluid model is able to capture
properties of the quantization of fermions, such as
Pauli exclusion.
Static compact star solutions using perfect flu-
ids are found by solving the time-independent Ein-
stein field equations with a perfect fluid energy-
momentum tensor. Recently there has been in-
creased interest in compact stars made with multiple
fluids. This has been motivated by the possibility
that neutron stars might capture dark matter [2–4].
If dark matter cannot self-annihilate (as is the case,
for example, with asymmetric dark matter [5, 6]), it
will accumulate in the neutron star. In such a sce-
nario, dark matter can be modeled as an additional
fluid in the star. There have been a number of recent
studies of the properties of static two-fluid compact
stars [7–18].
After a compact star solution is found, one can
study the effect of small perturbations to the solu-
tion. This may be done by solving a pulsation equa-
tion, which is a differential equation describing the
time-evolution of the perturbation. For spherically
symmetric static solutions and perturbations, the so-
lution to the pulsation equation gives the squared
radial oscillation frequency. In addition to describ-
ing radial oscillations, the squared radial oscillation
frequency tells us about the stability of the star with
respect to small perturbations. If the squared oscil-
lation frequency is negative, the compact star solu-
tion is unstable.
Chandrasekhar was the first to derive a pulsa-
tion equation for a compact star made of a sin-
gle perfect fluid [19]. His pulsation equation was
subsequently rewritten in various ways [20–23], in
some cases to facilitate numerical solutions. More
recently, a pulsation equation was derived for two-
fluid systems [24, 25] and has been used to study
the stability of two-fluid stars [9, 10, 12] (an alter-
native approach for determining the stability of two-
component stars, which has been applied to boson-
fermion stars [26, 27], was studied in [28, 29]). In this
construction, there is a single pulsation equation. It
is possible to solve the single pulsation equation in
a two-fluid system, but without additional assump-
tions it can be difficult to do so.
One such assumption is to disallow nongravita-
tional inter-fluid interactions. Indeed, this assump-
tion is made in many of the studies of two-fluid com-
pact stars [7–16, 18] (a notable exception is [17]).
This assumption allows the equations of motion to
separate and leads to a system of coupled pulsation
equations, with the same number of pulsation equa-
tions as fluids. This increase in the number of pul-
sation equations makes them easier to solve.
In this work, I present this system of pulsa-
tion equations. I shall assume spherical symmetry
and, as mentioned, allow only gravitational inter-
fluid interactions (I make no assumptions about self-
interactions). In doing this, I give a very different
derivation than in [24, 25], a derivation made pos-
sible by my assumption of there only being gravita-
tional inter-fluid interactions and a derivation in line
with Chandrasekhar’s original derivation for a sin-
gle fluid. The system of equations I arrive at keeps
the contributions from the individual fluids manifest
and allows them to be easily solved for, if desired.
I illustrate the use of this system of pulsation equa-
tions with one-, two-, and three-fluid examples.
In the next section I derive the system of pulsa-
tion equations. In Sec. III, I present one-, two-, and
three-fluid examples. I conclude in Sec. IV.
II. EQUATIONS
In this section I derive a number of equa-
tions. This includes the TolmanOppenheimerVolkoff
(TOV) equations adapted to a multi-fluid system.
Solutions to the TOV equations describe static com-
pact stars and I will often refer to such solutions
as equilibrium solutions. I also derive the system
of pulsation equations, which describe radial oscilla-
tions about the equilibrium solutions.
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I consider only spherically symmetric spacetimes.
In deriving equations—in particular, the pulsation
equations—it is convenient to use a spherically sym-
metric metric of the form
ds2 = −eν(t,r)dt2 + eλ(t,r)dr2 + r2dΩ2, (1)
where dΩ2 = dθ2 + sin2 θ dφ2. I note that later I
will use a different form for the metric that is better
suited for numerically solving the TOV and pulsa-
tion equations.
I assume there are an arbitrary number of perfect
fluids, whose individual energy-momentum tensors
separate:
Tµνtot =
∑
x
Tµνx , (2)
where x labels the fluid,
Tµνx = (x + px)u
µ
xu
ν
x + pxg
µν (3)
is the standard energy-momentum tensor for a per-
fect fluid, uµx is the four-velocity of the fluid, and x
and px can be thought of as the fluid’s energy density
and pressure. Tµνtot in Eq. (2) is the (total) energy-
momentum tensor of the system and is what goes on
the right hand side of the Einstein field equations:
Gµν = 8piGTµνtot . (4)
In addition to its energy-momentum tensor, the mat-
ter sector is defined by equations of state, which I
also assume separate:
px = px(x), (5)
i.e. px depends only on its associated energy den-
sity x and not on any y 6=x. The assumption that
Tµνx and px only depend on the variables of fluid x
means that there are only gravitational inter-fluid in-
teractions. This assumption greatly facilitates solv-
ing both the equilibrium and pulsation equations, in
part because it means that the individual Tµνx are
conserved,
∇µTµνx = 0, (6)
in addition to the requisite ∇µTµνtot = 0.
In a spherically symmetric system, fluids can-
not flow in the θ- or φ-directions and thus uθ =
uφ = 0. Following Chandrasekhar [19], I define
vx ≡ eν/2urx. Using that gµνuµxuνx = −1, I have utx =
exp(−ν/2)√1 + exp(λ− ν)v2x. It is now straightfor-
ward to write the components of Tµνx in Eq. (3) in
terms of vx. Doing so is not particularly illuminat-
ing, nor will I be using Tµνx in such a form. Instead,
I write the system variables as perturbations about
their equilibrium values:
ν(t, r) = ν0(r) + δν(x, t) (7)
λ(t, r) = λ0(r) + δλ(x, t) (8)
x(t, r) = x0(r) + δx(x, t) (9)
px(t, r) = px0(r) + δpx(x, t). (10)
The equilibrium values are denoted by a subscripted
0 and describe equilibrium, or static, solutions and
hence are time-independent. I note that the equi-
librium value of vx vanishes and vx is itself at the
order of a perturbation. My interest is in using the
perturbations to describe radial oscillations about
the equilibrium solutions. I therefore consider equa-
tions only to first order in the perturbations. To this
order, the nonzero components of Tµνx are
(Tx)
t
t = −x0 − δx (11)
(Tx)
t
r = e
λ0−ν0(x0 + px0)vx (12)
(Tx)
r
t = −(x0 + px0)vx (13)
(Tx)
r
r = (Tx)
θ
θ = (Tx)
φ
φ = px0 + δpx. (14)
Summing these components over x gives (Ttot)
µ
ν .
Setting the perturbations to zero, the equilibrium
energy-momentum tensor is
(Tx0)
µ
ν = diag(−x0, px0, px0, px0). (15)
Summing these components over x gives (T tot0 )
µ
ν .
For the equilibrium solutions, we see that x0 and
px0 are fluid x’s contributions to the (total) energy
density and pressure of the system:
tot0 =
∑
x
x0, p
tot
0 =
∑
x
px0. (16)
The Einstein field equations in (4) lead to a num-
ber of equations that are written in terms of the
components of the energy-momentum tensor and de-
termine the metric functions ν and λ. Three such
equations are [19, 30]
ν′ = +8piGreλ(Ttot)rr +
eλ − 1
r
(17)
λ′ = −8piGreλ(Ttot)tt −
eλ − 1
r
(18)
λ˙ = −8piGreν(Ttot)tr, (19)
where a prime denotes an r-derivative and a dot de-
notes a t-derivative. The equilibrium version of these
equations are straightforward to write down:
ν′0 = 8piGre
λ0ptot0 +
eλ0 − 1
r
(20)
λ′0 = 8piGre
λ0tot0 −
eλ0 − 1
r
, (21)
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where the equilibrium version of Eq. (19) vanishes
identically. The perturbed version of Eqs. (17)–(19),
after using Eqs. (20) and (21) to cancel the equilib-
rium parts, are
δν′ = 8piGreλ0(ptot0 δλ+ δp
tot) +
eλ0
r
δλ (22)
δλ′ = 8piGreλ0(tot0 δλ+ δ
tot)− e
λ0
r
δλ (23)
δλ˙ = −8piGreλ0
∑
x
(x0 + p
x
0)vx. (24)
There are two more equations for the metric func-
tions that I will need. The first is obtained by com-
bining Eqs. (20) and (22):
δν′ − ν′0δλ =
δλ
r
+ 8piGreλ0δptot. (25)
The second is less commonly used than Eqs. (17)–
(19), but like them follows from the Einstein field
equations. I only need its equilibrium version [19,
30]:
16piGeλ0ptot0 = ν
′′
0 +
1
2
(ν′0)
2 − 1
2
ν′0λ
′
0 +
1
r
(ν′0 − λ′0).
(26)
Lastly, I need the equations of motion. I will ob-
tain these from ∇µTµνx = 0, i.e. from conservation
of the individual Tµνx . Using the metric in Eq. (1)
to evaluate the divergence, I find
0 = ∂t(Tx)
t
t + ∂r(Tx)
r
t +
λ˙
2
[(Tx)
t
t − (Tx)rr]
+
(
ν′
2
+
λ′
2
+
2
r
)
(Tx)
r
t (27)
0 = ∂t(Tx)
t
r + ∂r(Tx)
r
r +
1
2
(
ν˙ + λ˙
)
(Tx)
t
r
+
ν′
2
[(Tx)
r
r − (Tx)tt]
+
1
r
[2(Tx)
r
r − (Tx)θθ − (Tx)φφ], (28)
where the first equation is for ν = t and the second is
for ν = r. Moving to equilibrium variables, which re-
quires treating everything as time-independent, Eq.
(27) vanishes identically and Eq. (28) becomes
p′x0 = −
ν′0
2
(x0 + px0). (29)
The perturbed versions of Eqs. (27) and (28) are
0 = δ˙x + ∂r [(x0 + px0)vx] +
δλ˙
2
(x0 + px0)
+
(
ν′0
2
+
λ′0
2
+
2
r
)
(x0 + px0)vx (30)
0 = eλ0−ν0(x0 + px0)v˙x + δp′x +
δν′
2
(x0 + px0)
+
ν′0
2
(δx + δpx). (31)
A. Equations for equilibrium solutions
In this subsection I put together the equations
whose solutions describe equilibrium, or static, com-
pact stars. In doing this, I will write the equations
using a different parametrization of the spherically
symmetric metric than written in Eq. (1). I will use
instead
ds2 = −N(t, r)σ2(t, r)dt2 + dr
2
N(t, r)
+ r2dΩ2, (32)
where
N(t, r) = 1− 2Gmtot(t, r)
r
= e−λ(t,r) (33)
σ(t, r) = e[ν(t,r)+λ(t,r)]/2, (34)
which is better suited for numerical solutions. Drop-
ping the time-dependence, so that the new equi-
librium metric variables are σ0(r) and m
tot
0 (r), the
equilibrium equations in (20), (21), and (29) become
σ′0 = 4piG
rσ0
N0
(tot0 + p
tot
0 ) (35)
m′x0 = 4pir
2x0 (36)
p′x0 = −
G
r2N0
(
4pir3ptot0 +m
tot
0
)
(x0 + px0), (37)
where
N0 =
1− 2Gmtot0
r
, mtot0 =
∑
x
mx0. (38)
Equations (35)–(37) are the Tolman-Oppenheimer-
Volkoff (TOV) equations adapted to a multi-fluid
system [31] that has only gravitational inter-fluid in-
teractions. The individualmx0(r) can be interpreted
as giving the total mass inside a radius r for fluid x.
To solve the TOV equations, and thus find static
compact star solutions, one specifies, say, the central
values of the energy densities, x0(0), from which the
central values of the pressures, px0(0), are obtained
from the equations of state, px0(x0). Equations
(35)–(37) can then be integrated outward from some
small r once appropriate inner and outer boundary
conditions are determined. Inner boundary condi-
tions can be determined by subbing into Eqs. (35)–
(37) power law expansions of the variables, which
gives σ0(0) = σc+O(r
2) and mx0(0) = O(r
3), where
σc is an as-yet-undetermined constant. For outer
3
boundary conditions, let Rx be the smallest value of
r for which px0(r) = 0, which I will take to define
the edge of fluid x. For r > Rx, I set px0(r) = 0.
The edge of the star, R, is taken as the largest Rx.
At the edge of the star there is no longer any matter
and the spacetime must match up to a Schwarzschild
spacetime, and thus σ0(R) = 1.
I have so far that the inner boundary condi-
tion σ0(0) = σc is as-yet-unknown, while the outer
boundary condition σ(R) = 1 is known. It is conve-
nient to flip these by defining
σˆ0(r) ≡ σ0(r)/σc. (39)
In using σˆ0, the only equation that changes is Eq.
(35), which becomes
σˆ′0 = 4piG
rσˆ0
N0
(tot0 + p
tot
0 ). (40)
The inner boundary conditions are now σˆ0(0) = 1
and mx0(0) = 0, and the TOV equations in (36),
(37), and (40) can be integrated outward from some
small r to the edge of the star at r = R, where the
total mass of the star is given by
Mtot =
∑
x
Mx, Mx = mx0(R) (41)
and σc is given by σc = 1/σˆ0(R). In this way equi-
librium/static compact star solutions can be found.
I shall do this in Sec. III.
B. Pulsation equations
I now take up one of the main parts of this pa-
per, which is the derivation of a system of pulsation
equations whose solution describes radial oscillations
for a system of perfect fluids with only gravitational
inter-fluid interactions. Further, the derivation is
in line with Chandrasekhar’s original derivation of
a pulsation equation for a single fluid. One conve-
nience of the resulting system of pulsation equations
is that the contributions from individual fluids are
manifest and easily solved for, if desired.
I begin first by putting together a number of equa-
tions, which I will then use to derive the pulsation
equations. The first step is to define
ξ˙x ≡ vx. (42)
Plugging this into Eq. (24) and integrating gives
δλ = −8piGreλ0
∑
x
(x0 + p
x
0)ξx, (43)
which can be combined with the metric equilibrium
equations (20) and (21) and Eq. (25) to obtain
δν′(tot0 + p
tot
0 ) (44)
= (ν′0 + λ
′
0)
[
δptot −
(
ν′0 +
1
r
)∑
x
(x0 + p
x
0)ξx
]
.
The equation of motion in (30), when written in
terms of ξx using Eq. (42), can immediately be inte-
grated to give
δx = −∂r [(x0 + px0)ξx]− δλ
2
(x0 + px0)
−
(
ν′0
2
+
λ′0
2
+
2
r
)
(x0 + px0)ξx. (45)
Replacing δλ with Eq. (43) and then combining the
result with Eqs. (20) and (21), I find
δx = 4piGre
λ0(x0 + px0)
∑
y
(0y + p0y) (ξy − ξx)
− 1
r2
∂r
[
r2(x0 + px0)ξx
]
. (46)
The equations of state, px = px(x), after being
perturbed and canceling their equilibrium terms, be-
comes δpx = (∂px0/∂x0)δx. Plugging in Eq. (46),
this can be written as
δpx = −ξxp′x0 − px0γx
[
eν0/2
r2
∂r
(
r2e−ν0/2ξx
)
− 4piGreλ0
∑
y
(0y + p0y) (ξy − ξx)
]
, (47)
where
γx =
(
1 +
x0
px0
)
∂px0
∂x0
(48)
is the adiabatic index for fluid x.
Having established the above results, I will now
outline the derivation of the pulsation equations,
which follow from the equation of motion in (31). In-
troducing a harmonic time-dependence for all fields:
ξx(t, r) = ξx(r)e
iωt, (49)
δν(t, r) = δν(r)eiωt, δλ(t, r) = δλ(r)eiωt, δx(t, r) =
δx(r)e
iωt, and δpx(t, r) = δpx(r)e
iωt, where ω is the
radial oscillation frequency, Eq. (31) becomes
e−ν0/2∂r(eν0/2δpx) +
δν′
2
(x0 + px0) +
ν′0
2
δx
=
eλ0−ν0/2
r2
(x0 + px0)ω
2ζx, (50)
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where I defined
ζx(r) ≡ r2e−ν0/2ξx(r). (51)
Consider first the first term in Eq. (50). Plugging
in δpx from Eq. (47) and then using Eqs. (26) and
(29), I find
e−ν0/2∂r(eν0/2δpx)
=
eν0/2
r2
{
3
r
ζxp
′
x0 − ζ ′xp′x0 +
ν′0
2
ζx
′
x0 +
[
8piGeλ0ptot0 +
λ′0
2
(
1
r
+
ν′0
2
)]
ζx(x0 + px0)
}
− e−ν0/2∂r
(
px0γx
eν0
r2
ζ ′x
)
+ γxpx0
4piG
r
eλ0+ν0/2
∑
y
[
(′0y + p
′
0y) (ζy − ζx) + (0y + p0y)
(
ζ ′y − ζ ′x
)]
+
[
γxp
′
x0 + γxpx0
(
−1
r
+ λ′0 + ν
′
0
)
+ γ′xpx0
]
4piG
r
eλ0+ν0/2
∑
y
(0y + p0y) (ζy − ζx) . (52)
For the second term in Eq. (50), I have, after using Eqs. (20), (21), (29), (44), and (47),
δν′
2
(x0 + px0) = −4piGr(x0 + px0)e
ν0/2+λ0
r2
∑
y
{(
ν′0
2
+
1
r
)
(y0 + p
y
0)ζy
+ py0γy
[
ζ ′y − 4piGreλ0
∑
z
(0z + p0z) (ζz − ζy)
]}
. (53)
Finally, using Eqs. (29), (46), and (53) the second and third terms in Eq. (50) are
δν′
2
(x0 + px0) +
ν′0
2
δx
=
eν0/2
r2
{
3
r
p′x0 +
[
8piGeλ0ptot0 +
λ′0
2
(
1
r
+
ν′0
2
)]
(x0 + px0)
}
ζx − e−ν0/2∂r
(
px0γx
eν0
r2
ζ ′x
)
+
[
(γx − 1)p′x0 + γxpx0
(
−1
r
+ λ′0 + ν
′
0
)
+ γ′xpx0
]
4piG
r
eλ0+ν0/2
∑
y
(0y + p0y) (ζy − ζx)
+ γxpx0
4piG
r
eλ0+ν0/2
∑
y
[
(′0y + p
′
0y) (ζy − ζx) + (0y + p0y)
(
ζ ′y − ζ ′x
)]
. (54)
Equations (52) and (54) can be plugged into Eq. (50). The point is to construct an equation in which
the only perturbation present is ζx and its derivatives. In putting everything together, I will move to the
metric functions σˆ0(r), mx0(r), and N0(r) that were introduced in Sec. II A and which are more convenient
for numerical solutions. The system of pulsation equations is
∂2r (Π̂ζ
′
x) + (Q̂x + ωˆ
2Wx)ζˆx + R̂
[(
x0 + px0
r
− p′x0
)∑
y
(y0 + py0)ζˆy +
r2(x0 + px0)
σˆ20N0
∑
y
ηy
]
= Ŝx
∑
y
(y0 + py0)
(
ζˆy − ζˆx
)
+
r2
σˆ20N0
R̂2(x0 + px0)
∑
y
∑
z
py0γy(z0 + pz0)
(
ζˆz − ζˆy
)
+ R̂γxpx0
∑
y
[
(′y0 + p
′
y0)
(
ζˆy − ζˆx
)
+ (y0 + py0)
(
ζˆ ′y − ζˆ ′x
)]
, (55)
where
ζˆx = σ
2
cζx
ωˆ = ω/σc
5
Π̂x =
1
r2
px0γxσˆ
2N0
Wx =
1
r2N0
(x0 + px0)
Q̂x = − σˆ
2
0N0
r2
{
3
r
p′x0 +
[
8piG
N0
ptot0 (x0 + px0)
+
(
4piGr
N0
tot0 −
Gmtot0
r2N0
)(
x0 + px0
r
− p′x0
)]}
R̂ = 4piG
σˆ20
r
Ŝx = R̂
{
(γx − 1)p′x0 + γ′xpx0
+ γxpx0
[
8piGr
N0
(tot0 + p
tot
0 )−
1
r
]}
′x0 + p
′
x0 =
p′x0
γx
(
1 + γx +
x0
px0
)
. (56)
Note that all functions with a hat are functions that
have been scaled by powers of σc = σ0(0), as ex-
plained in Sec. II A. Importantly, we see that the
only perturbation present in Eqs. (55) and (56) is ζˆx
and its derivatives.
Before discussing boundary conditions, a couple
comments are in order. The right hand side of Eq.
(55) vanishes for a single fluid, in which case the
left hand side of Eq. (55) is equivalent to Chan-
drasekhar’s pulsation equation [19]. Though equiv-
alent, the left hand side of Eq. (55) is not written in
an identical form to Chandrasekhar’s because, in the
presence of multiple fluids, terms cannot cancel and
combine in the same way. When solving Eq. (55) I
have found it best to do so in conjunction with solv-
ing the equilibrium TOV equations in (36), (37), and
(40). Specifically, I have found that solving them all
simultaneously is faster than first solving the TOV
equations and then interpolating between points in
the equilibrium solution for use in solving the pulsa-
tion equations.
To actually solve the pulsation equation I define
ηx ≡ Π̂xζˆ ′x and solve the system of first order differ-
ential equations made up of Eq. (55), but written in
terms of ηx, and
ζˆ ′x =
ηx
Π̂x
. (57)
Doing this requires inner and outer boundary condi-
tions. Inner boundary conditions are found by plug-
ging power series expansions of the variables into the
equations, which reproduce the inner boundary con-
ditions for the equilibrium variables given in Sec.
II A and ζx = O(r
3) and ηx = η
x
c + O(r
2), where
the ηxc are as-yet-unknown constants. A look at the
equations shows that the set of ζˆx and ηx that solve
them can all be divided by the same constant and
still be solutions. I can use this to set
η1 = 1 +O(r
2), (58)
i.e. ηx=1c = 1. I still need to determine the η
x 6=1
c .
My method for doing this is explained in the next
paragraph. The outer boundary conditions for the
equilibrium variable were discussed in Sec. II A. The
outer boundary conditions for the perturbations are
ηx(Rx) = 0. Intuitively this makes sense, as outside
the fluid the perturbation ζx should stop changing.
It can be derived by requiring the Lagrangian pres-
sure for fluid x to be zero at r = Rx [20–22].
The as-yet-undetermined constants are ηx 6=1c and
the squared radial oscillation frequency ω2. I de-
termine them using the shooting method. That is,
I choose values for ω2 and the ηx 6=1c . The remain-
ing inner boundary conditions are σˆ0(0) = η
1
c = 1
and mx0(0) = ζx(0) = 0. I can then integrate the
TOV equations (36), (37), and (40) and the pul-
sation equations (55) and (57) outward from some
small r. I vary ω2 and the ηx 6=1c until the smallest
value of r for which ηx(r) = 0 is exactly r = Rx,
and hence the outer boundary conditions are satis-
fied. I will have then found a solution. If ω2 < 0, the
solution is unstable to small radial perturbations.
III. EXAMPLES
In this section I present one-, two-, and three-fluid
examples in which I solve for the squared radial os-
cillation frequency, ω2, and determine stability. In
all cases, for simplicity, I take each fluid to be a free
Fermi gas. The well-known equation of state and
number density for a free Fermi gas are [1, 32]
x =
1
2pi2
∫ kxF
0
dk k2
√
k2 +m2xf
=
1
8pi2
[
kxF
√
k2xF +m
2
xf (2k
2
xF +m
2
xf )
−m4xf ln
kxF +
√
k2xF +m
2
xf
mxf
] (59)
px =
1
6pi2
∫ kxF
0
dk
k4√
k2 +m2xf
=
1
24pi2
[
kxF
√
k2xF +m
2
xf (2k
2
xF − 3m2xf )
+ 3m4xf ln
kxF +
√
k2xF +m
2
xf
mxf
] (60)
nx =
k3xF
3pi2
, (61)
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where mxf is the fermion mass and kxF is the Fermi
momentum for fluid x. It is convenient to define
χx ≡ kxF /mxf (62)
tx ≡ 4 ln
(
χx +
√
1 + χ2x
)
, (63)
so that the equation of state and number density can
be written in the parametric form
x =
m4xf
32pi2
(sinh tx − tx) (64)
px =
1
3
m4xf
32pi2
[
sinh tx − 8 sinh(tx/2) + 3tx
]
(65)
nx =
m3xf
3pi2
sinh3(tx/4). (66)
The equilibrium versions of these equations are given
by simply replacing x, px, nx and tx with x0, px0,
nx0, and tx0.
To find static compact star solutions, I can nu-
merically solve the TOV equations in (36), (37), and
(40), as explained in Sec. II A. However, instead of
evolving the pressure px0 using Eq. (37), it is much
simpler to evolve tx0 using
t′x0 =
1
dpx0/dtx0
p′x0, (67)
where p′x0 is given by Eq. (37) and
dpx0
dtx0
=
m4xf
12pi2
sinh4(tx0/4), (68)
which follows from the equilibrium version of Eq.
(65).
The general procedure for finding static compact
star solutions and their squared radial oscillation
frequencies is as described in Secs. II A and II B.
The only changes specific to the free Fermi gas that
I make is in the use of the variable tx0: To find
static compact star solutions, I use the central val-
ues tx0(0), which are related to the central values
for the energy density, pressure, and number density
through Eqs. (64)–(66). I integrate outward from
some small r using the TOV equations in (36), (40),
and (67). I take the edge of fluid x, whose location
I label as r = Rx, to be the smallest value of r such
that tx0(r) = 0. Defining the edge of the fluid this
way is equivalent to defining it as px0(r) = 0. For
r > Rx, I set tx0 = 0. The edge of the star is given
by the largest Rx.
In presenting results in the following subsections,
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FIG. 1. (a) (Total) mass, M tot, versus radius, R, for
static/equilibrium solutions of a free Fermi gas. (b) The
solid curve plots the equilibrium solution t0(r¯) located
at the dot in (a), with M tot = 0.3303, R = 4.8078,
and t0(0) = 2.0. The dashed curve plots the pulsation
variable η(r¯). A solution to the pulsation equation is
found when η first equals zero at the edge of the star.
I will make use of the dimensionless variables
r¯ ≡ m
2
1f
mP
r, ¯x0 ≡ 4pi
m41f
x0, p¯x0 ≡ 4pi
m41f
px0
ω¯ ≡ mP
m21f
ω, m¯x0 ≡
m21f
m3P
mx0, m¯xf ≡ mxf
m1f
,
(69)
where mP = 1/
√
G is the Planck mass. I have
also n¯x0 ≡ nx0/m31f , Mx ≡ (m21f/m3P )Mx, Rx ≡
(m21f/mP )Rx, m¯tot =
∑
x m¯x, and M tot =
∑
xMx.
Regardless of the number of fluids, I choose to scale
variables using m1f , the first fluid’s fermion mass.
A. One fluid
With only a single fluid I can drop the sub-
scripted xs on all variables. Figure 1(a) shows the
well-known (total) mass versus radius curve for the
static/equilibrium solutions for a free Fermi gas [33].
Each point on the curve corresponds to a different
choice for the central value t0(0) (or, equivalently,
different choices for the central values 0(0), p0(0),
or n0(0)). An important question is whether each
point on the curve corresponds to an equilibrium so-
lution that is stable or unstable with respect to small
radial perturbations.
Stability may be determined by computing the
squared radial oscillation frequency, ω2, for the par-
ticular equilibrium solution, which is done by solving
the pulsation equation. An example of a solution to
the pulsation equation is shown in Fig. 1(b). The
top solid curve plots t0(r¯) for the equilibrium solu-
tion indicated by the dot in Fig. 1(a). The bottom
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FIG. 2. (a) Squared radial oscillation frequency, ω¯2, as a
function of the central energy density, ¯0(0). (b) (Total)
mass, Mtot, also as a function of the central energy den-
sity. Both plots are for a free Fermi gas and the curve in
(b) displays the same equilibrium solutions shown in Fig.
1(a). The squared oscillation frequency is seen to tran-
sition from positive to negative, and hence the equilib-
rium solutions transition from stable to unstable, at the
equilibrium solution with the largest mass. The curves
in Fig. 1(b) correspond to the solutions located at the
black dots.
dashed curve plots η(r¯). As explained in Sec. II B,
η(0) = 1 and a solution to the pulsation equation is
found when the smallest value of r¯ for which η(r¯) = 0
occurs precisely at the edge of the star at r¯ = R. The
advantage in plotting t0 in Fig. 1(b) instead of, say,
p¯0, is that t0 heads toward t0 = 0 relatively abruptly
at the edge of the star, making the edge of the star
easily discernible in plots such as Fig. 1(b).
For a single fluid, it is well-known that the pul-
sation equation can be written in Sturm-Liouville
form [20, 23]. This tells us that a single equilibrium
solution has an infinite number of radial oscillation
frequencies, corresponding to an infinite number of
solutions to the pulsation equation [32]. When the
solution to the pulsation equation is found by hav-
ing r = R be the smallest r such that η(r) = 0,
the oscillation frequency found is the fundamental,
which is the smallest of the oscillation frequencies.
As the oscillation frequency is increased, η(r) devel-
ops nodes, i.e. additional locations where η(r) = 0.
A solution is still found when η(R) = 0, so that the
outer boundary condition is satisfied. In this paper I
consider only fundamental frequencies, and thus the
smallest frequencies.
Figure 2(a) plots the squared radial oscillation fre-
quencies as a function of the central energy density
¯0(0) when they are positive, and hence for the stable
equilibrium solutions. Figure 2(b) plots the (total)
mass of the equilibrium solutions also as a function
of the central energy density ¯0(0) and is an alter-
native to Fig. 1(a) as a way of presenting the space
of equilibrium solutions. It is well-known that for
a single fluid, the transition from stable equilibrium
solutions to unstable ones occurs at the equilibrium
solution with the largest mass [1, 32]. This is exactly
what is seen in Fig. 2, where the squared frequen-
cies transition from positive to negative at precisely
the location of the largest mass equilibrium solution.
The dots in Fig. 2 indicate the solutions shown in
Fig. 1(b), just as the dot in Fig. 1(a) does.
B. Two fluids
For two fluids, the first set of results I show is for
when the fermion mass of the second fluid is seven
times larger than the fermion mass of the first fluid,
m¯2f = 7. I fix the central energy density of the
second fluid, ¯2,0(0), and scan through values of the
central energy density of the first fluid, ¯1,0(0). The
(total) mass versus radius curves for the resulting
equilibrium/static solutions are shown in Fig. 3(a).
Each curve is for a different fixed value of ¯2,0(0). I
have also included in this plot, for comparison, the
single fluid curve from Fig. 1(a) as the dashed line.
To get a sense of the equilibrium solutions, in Figs.
3(b)–(e) I show the maximum (total) mass equi-
librium solutions from each of the two-fluid curves
in Fig. 3(a). Moving from Fig. 3(b) to Fig. 3(e)
means increasing ¯2,0(0). The solid curves in Figs.
3(b)–(e) display ¯1,0(r¯) and ¯2,0(r¯) and the dashed
curves display m¯1,0(r¯) and m¯2,0(r¯), which gives the
mass of fluid x inside a radius r¯. In Figs. 3(b)–
(e) we can can see that fluid 2 dominates the core
of the star, while fluid 1 dictates the total mass
(M tot = m¯1,0(R) + m¯2,0(R)) and radius of the star.
Figure 4(a) shows the squared radial oscillation
frequencies for the equilibrium solutions shown in
Fig. 4(b) (which are the same equilibrium solutions
shown in Fig. 3(a)). In both figures, the curves are
given as functions of the first fluid’s central energy
density, ¯1,0(0). I have only plotted the oscillation
frequencies and equilibrium solutions for when fluid
1 affects M tot. This is the reason why the oscilla-
tion frequency curves in Fig. 4(a) begin at the same
value of ¯1,0(0) as the equilibrium solution curves
do in Fig. 4(b). Just as in the single-fluid case, we
see that the squared frequencies transition from pos-
itive to negative, and hence the equilibrium solutions
transition from stable to unstable, at the equilibrium
solution with the largest mass.
I now present a different set of results. This
time I fix ¯2,0(0)/¯1,0(0) = 10 and find solutions
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FIG. 3. (a) The solid lines plot the (total) mass, M tot, versus radius, R, for static/equilibrium solutions for two
fluids, each of which are a free Fermi gas, with m¯2f = 7. The dashed line is the single fluid case from Fig. 1(a),
which is included for comparison. The solid curves can be defined by the central energy density of fluid 2, ¯2,0(0),
which are (from top to bottom at the point of maximum M tot), 1 (black), 20 (blue), 100 (purple), and 300 (green).
(b)-(e) plot the maximum M tot two-fluid equilibrium solutions in (a). The solid curves plot ¯x0(r¯) for both fluids
(with 2,0(0) = 1 in (b), 20 in (c), 100 in (d), and 300 in (e)). The dashed curves plot mx0(r¯) for both fluids, which
gives the total mass inside a radius r¯ for fluid x. We can see that fluid 2 dominates the energy density of the core,
while fluid 1 dictates the total mass of the star (which is given by m¯1,0 + m¯2,0 at the edge of the star) and the radius
of the star (which is given by the edge of the outermost fluid).
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FIG. 4. The squared radial oscillation frequencies, ω¯2,
are shown in (a) for the equilibrium solutions shown in
(b). The equilibrium solutions in (b) are the same as
shown in Fig. 3(a). Just as in the single fluid case (see
Fig. 2), we see here for two fluids that the squared oscilla-
tion frequencies transition from positive to negative, and
hence the equilibrium solutions transition from stable to
unstable, at the equilibrium solution with the largest
M tot.
for m¯2f = 3, 4, 5, and 6. Figure 5(a) displays the
(total) mass versus radius curves and Figs. 5(b)–(e)
displays the maximum (total) mass equilibrium so-
lutions, analogously to Fig. 3.
Figure 6 displays the squared radial oscillation fre-
quencies (in the top plots) for the same equilibrium
solutions (shown in the bottom plots) as displayed
in 5(a). In the bottom plots, the vertical lines mark
the maximum mass solutions and the crosses mark
the transition from stable to unstable. One can see
that the transition from stable to unstable does not
occur at the equilibrium solution with the largest
mass. This is not unexpected, and, in general, oc-
curs in multiple-component stars (see, for example,
[28, 29]).
C. Three fluids
With three fluids there are three parameters to be
determined using the shooting method: ω¯2, η2(0),
and η3(0). It is significantly more time consuming
to determine three parameters than it is to deter-
mine two parameters and I present results for only
a single equilibrium solution in Fig. 7. Figure 7 is
analogous to Fig. 1(b), with the solid curves plot-
ting the equilibrium variables tx0(r¯) and the dashed
curves plotting the pulsation variables ηx(r¯).
IV. CONCLUSION
In this work I derived a system of pulsation equa-
tions for spherically symmetric, multiple-fluid com-
pact stars, under the assumption that the only inter-
fluid interactions are gravitational. The solution to
the pulsation equations is the squared radial oscil-
lation frequency for the star. I solved the system
of pulsation equations in one-, two-, and three-fluid
examples and used the squared radial oscillation fre-
quency to determine stability with respect to small
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FIG. 5. These plots are analogous to those shown in Fig. 3. All curves are made by fixing ¯2,0(0)/¯1,0 = 10. The
individual curves have (from top to bottom in (a)) m¯2f = 3 (b), 4 (c), 5 (d), and 6 (e). In (b)–(e), the solid curves
display ¯1,0(r) and ¯2,0(r) and the dashed curves display m¯1,0(r) and m¯2,0(r).
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FIG. 6. The top plots display the squared radial oscillation frequencies and the bottom plots display the same
equilibrium solutions shown in Fig. 5(a). The curves have m¯2f = 3 (a), 4 (b), 5 (c), and 6 (d). In the bottom plots,
the vertical lines mark the maximum mass solutions and the crosses mark the transition from stable to unstable.
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FIG. 7. Three-fluid solution, analogous to the one-fluid
solution shown in Fig. 1(b). The fermion masses for the
fluids are m¯2f = 1.5 and m¯3f = 2. The solid curves
plot the equilibrium variables tx0(r¯), with (from top to
bottom) t1,0(0) = 1.5 (black), t2,0(0) = 1.2 (blue), and
t3,0(0) = 0.8 (purple). The dashed curves plot the pul-
sation variables ηx(r¯). This solution has M tot = 0.1072,
R = 5.0756, and ω¯2 = 0.003091 and is stable.
perturbations. As far as I am aware, this is the first
time that a pulsation equation has been solved for a
three-fluid compact star.
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